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A CHARACTERISATION OF LIE ALGEBRAS
AMONGST ANTI-COMMUTATIVE ALGEBRAS
XABIER GARCÍA-MARTÍNEZ AND TIM VAN DER LINDEN
Abstract. Let K be an infinite field. We prove that if a variety of anti-
commutative K-algebras—not necessarily associative, where xx “ 0 is an
identity—is locally algebraically cartesian closed, then it must be a variety
of Lie algebras over K. In particular, LieK is the largest such. Thus, for a given
variety of anti-commutative K-algebras, the Jacobi identity becomes equiva-
lent to a categorical condition: it is an identity in V if and only if V is a sub-
variety of a locally algebraically cartesian closed variety of anti-commutative
K-algebras. This is based on a result saying that an algebraically coherent
variety of anti-commutative K-algebras is either a variety of Lie algebras or a
variety of anti-associative algebras over K.
1. Introduction
The aim of this article is to prove that, if a variety of anti-commutative algebras—
not necessarily associative, where xx “ 0 is an identity—over an infinite field admits
algebraic exponents in the sense of James Gray’s Ph.D. thesis [17], so when it is
locally algebraically cartesian closed (or (LACC) for short, see [19, 8]), then it must
necessarily be a variety of Lie algebras. Since, as shown in [18], the category LieK
of Lie algebras over a commutative unitary ring K is always (LACC), this condition
may be used to characterise Lie algebras amongst anti-commutative algebras.
The only other non-abelian “natural” examples of locally algebraically cartesian
closed semi-abelian [22] categories we currently know of happen to be categories of
group objects in a cartesian closed category [19], namely
(1) the category Gp of groups itself;
(2) the category XMod of crossed modules, which are the group objects in the
category Cat of small categories [24, 26]; and
(3) the category Hopf
K,coc of cocommutative Hopf algebras over a field K of
characteristic zero [16, 11], the group objects in the category CoAlg
K,coc of
cocommutative coalgebras over K.
At first with our project we hoped to remedy this situation by finding further ex-
amples of (LACC) categories of (not necessarily associative) algebras. However, all
of our attempts at constructing such new examples failed. Quite unexpectedly, in
the end we managed to prove that, at least when the field K is infinite, amongst
those algebras which are anti-commutative, there are no other examples: the con-
dition (LACC) implies that the Jacobi identity holds. Thus, in the context of
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anti-commutative algebras, the Jacobi identity is characterised in terms of a purely
categorical condition. This is the subject of Section 2.
We do not study here what happens when the algebras considered are not anti-
commutative. The category of Leibniz algebras is not (LACC), so at least one of
the implications in our characterisation fails in that case. We make a few additional
observations in Section 3, and leave the main question for the article [14].
1.1. Cartesian closedness. Algebraic exponentiation is a categorical-algebraic
version of the concept of exponentiation familiar from set theory, linear algebra,
topology, etc. In its most basic form, exponentiation amounts to the task of equip-
ping the set HomC pX,Y q of morphisms from X to Y with a suitable structure
making it an object Y X in the category C at hand, while at the same time making
the evaluation map ev : X ˆ Y X Ñ Y into a morphism.
Depending on the given category C , this may or may not be always possible.
A category with binary products C is said to be cartesian closed when every
object X is exponentiable, which means that the functor Xˆp´q : C Ñ C admits
a right adjoint p´qX : C Ñ C , so that for all Y and Z in C , the set HomC pX ˆ Z, Y q
is naturally isomorphic to HomC pZ, Y
Xq. This condition may be formulated in
terms of a universal property as follows—see, for instance, [23, Section A1.5]: an
object X is exponentiable if and only if for every Y there exists an object Y X
and a morphism ev : X ˆ Y X Ñ Y (called the evaluation) such that for every
h : X ˆ Z Ñ Y there is a unique h : Z Ñ Y X for which the triangle
X ˆ Z
1Xˆh ,2
h
'❋
❋❋
❋❋
❋❋
❋❋
X ˆ Y X
ev
v ✈✈
✈✈
✈✈
✈✈
✈✈
Y
commutes.
The category Set of sets is cartesian closed, with Y X the set HomSetpX,Y q of
functions from X to Y . The evaluation map ev : X ˆ Y X Ñ Y takes a couple
px, fq P XˆY X and sends it to fpxq P Y . Also the category Cat of small categories
is cartesian closed. The category Y X has functors X Ñ Y as objects, and natural
transformations between them as morphisms. For any commutative ring K, the
category CoAlg
K,coc of cocommutative coalgebras over K is cartesian closed by a
result in [2].
1.2. Closedness in general. The categories occurring in algebra are seldom car-
tesian closed. The concept of closedness has thus been extended in several different
directions. One option is to replace the cartesian product by some other product,
such as for instance the tensor product bK when C is the category VectK of vector
spaces over a field K. In that case the result is the well-known tensor/hom adjunc-
tion, where the object Y X in the isomorphism HomKpX bK Z, Y q – HomKpZ, Y
Xq
is the set of K-linear maps HomKpX,Y q with the pointwise K-vector space structure.
1.3. An alternative approach. Another option, fruitful in non-abelian algebra,
is to keep the cartesianness aspect of the condition, but to make it algebraic in an
entirely different way [17, 19, 8]. To do this, we first need to understand what is
local cartesian closedness by reformulating the condition in terms of slice categories.
Here we follow Section A1.5 of [23].
1.4. Bundles and their global sections. Let C be any category. Given an object
B of C , we write pC Ó Bq for the slice category or category of bundles over B
A CHARACTERISATION OF LIE ALGEBRAS 3
in which an object x is an arrow x : X Ñ B in C , and a morphism f : xÑ y is a
commutative triangle
X
f
,2
x
%❅
❅❅
❅❅
❅❅
❅ Y
y
y⑦⑦
⑦⑦
⑦⑦
⑦⑦
B
in C , so that y˝f “ x.
A global section of a bundle y : Y Ñ B is the same thing as a global element
of this object y: a morphism 1Ñ y, where 1 is the terminal object 1B of pC Ó Bq.
In other words, it is a section f : B Ñ Y of y : Y Ñ B, so that y˝f “ 1B.
1.5. Local cartesian closedness. Assuming now that C is finitely complete,
given a morphism a : AÑ B, we write
a˚ : pC Ó Bq Ñ pC Ó Aq
for the change-of-base functor which takes an arrow x : X Ñ B in C and sends
it to its pullback a˚pxq as in the diagram
AˆB X ,2
a˚pxq

X
x

A
a
,2 B.
If B is the terminal object 1 of C then pC Ó Bq “ pC Ó 1q – C . Any object A of C
now induces a unique morphism a “!A : AÑ 1, and the functor !
˚
A : C Ñ pC Ó Aq
sends an object Y to the product A ˆ Y (considered together with its projection
to A). It is easily seen that the category C is cartesian closed if and only if for
every X in C , the functor !˚X admits a right adjoint.
A category with finite limits C is said to be locally cartesian closed or (LCC)
when for every morphism a : AÑ B in C the change-of-base functor a˚ has a right
adjoint. Equivalently, all slice categories pC Ó Bq are cartesian closed—so that C
is cartesian closed, locally over B, for all B in C . This condition is stronger than
cartesian closedness (the case B “ 1); examples include any Grothendieck topos,
in particular the category of sets, while for instance [13] the category Cat is not
(LCC), even though it is cartesian closed.
1.6. Categories of points. We may now mimic the concept of (local) cartesian
closedness in such a way that it applies to global sections of bundles instead of
the bundles themselves. The idea is that, where slice categories are very useful in
non-algebraic settings, for certain applications in algebraic categories a similar role
may be played by categories of points.
Let C be any category. Given an object B of C , we write PtBpC q for the
category of points over B in which an object px, sq is a split epimorphism
x : X Ñ B in C , together with a chosen section s : B Ñ X, so that x˝s “ 1B. So
a point is a bundle x together with a global section s of it. Given two points
px : X Ñ B, s : B Ñ Xq and py : Y Ñ B, t : B Ñ Y q over B, a morphism between
them is an arrow f : X Ñ Y in C satisfying y˝f “ x and f˝s “ t.
Change of base is done as for slice categories: since sections are preserved, given
any morphism a : AÑ B in a finitely complete category C , we obtain a functor
a˚ : PtBpC q Ñ PtApC q.
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1.7. Protomodular and semi-abelian categories. A finitely complete category
C is said to be Bourn protomodular [4, 6, 3] when each of the change-of-base
functors a˚ : PtBpC q Ñ PtApC q reflects isomorphisms. If C is a pointed category,
then this condition may be reduced to the special case where A is the zero object
and a “ ¡B : 0Ñ B is the unique morphism. The pullback functor ¡
˚
B : PtBpC q Ñ C
then sends a split epimorphism to its kernel. Hence, protomodularity means that
the Split Short Five Lemma holds: suppose that in the commutative diagram
K
k ,2
g

X
f

x ,2
B
s
lr
L
l
,2 Y
y
,2
B,
t
lr
the morphism k is the kernel of x and l is the kernel of y, while f is a morphism of
points px, sq Ñ py, tq; if now g is an isomorphism, then f is also an isomorphism.
A pointed protomodular category which is Barr exact and has finite coproducts
is called a semi-abelian category [22]. This concept unifies earlier attempts (in-
cluding, for instance, [21, 15, 29]) at providing a categorical framework that extends
the context of abelian categories to encompass non-additive categories of algebraic
structures such as groups, Lie algebras, loops, rings, etc. In this setting, the ba-
sic lemmas of homological algebra—the 3 ˆ 3 Lemma, the Short Five Lemma, the
Snake Lemma—hold [6, 3], and may be used to study, say, (co)homology, radical
theory, or commutator theory for those non-additive structures.
In a semi-abelian category, any point px, sq with its induced kernel k as above
gives rise to a split extension, since x is also the cokernel of k, so that pk, xq is a short
exact sequence. By the results in [9], split extensions are equivalent to so-called
internal actions by means of a semi-direct product construction. Through this
equivalence, there is a unique internal action ξ : B5K Ñ K such that X – K ¸ξ B.
Without going into further details, let us just mention here that the object B5K is
the kernel of the morphism p1B 0q : B `K Ñ B, that the functor B5p´q : C Ñ C
is part of a monad, and that an internal B-action is an algebra for this monad.
The category PtBpC q is monadic over C , and its equivalence with the category
of B5p´q-algebras bears witness of this fact.
1.8. Examples. All Higgins varieties of Ω-groups [20] are semi-abelian, which
means that any pointed variety of universal algebras whose theory contains a group
operation is an example. In particular, we find categories of all kinds of (not neces-
sarily associative) algebras over a ring as examples, next to the categories of groups,
crossed modules, and groups of a certain nilpotency or solvability class. Other ex-
amples include the categories of Heyting semilattices, loops, compact Hausdorff
groups and the dual of the category of pointed sets [22, 3].
1.9. Algebraic cartesian closedness and the condition (LACC). A category
with finite limits C is said to be locally algebraically cartesian closed or
(LACC) when for every morphism a : AÑ B in C , the change-of-base functor
a˚ : PtBpC q Ñ PtApC q has a right adjoint [17]. This condition is much stronger
than algebraic cartesian closedness or (ACC) which is the case B “ 1.
When a semi-abelian category is (locally) algebraically cartesian closed, this has
some interesting consequences [19, 8, 11]. For one thing, (ACC) is equivalent to
the condition that every monomorphism in C admits a centraliser. The property
(LACC) implies categorical-algebraic conditions such as peri-abelianness [7], strong
protomodularity [5], the Smith is Huq condition [27], normality of Higgins commu-
tators [12], and algebraic coherence. We come back to the latter condition (which
implies all the others mentioned) in detail, in Subsection 1.11 below.
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The condition (ACC) is relatively weak, and has all Orzech categories of in-
terest [29] for examples. In comparison, (LACC) is very strong: as mentioned
above, we have groups, Lie algebras, crossed modules, and cocommutative Hopf
algebras over a field of characteristic zero as “natural” semi-abelian examples, next
to all abelian categories. An example of a slightly different kind—because it is
non-pointed—is any category of groupoids with a fixed object of objects [8].
In what follows, we shall need the following characterisation of (LACC), valid in
semi-abelian varieties of universal algebras. Instead of checking that all change-of-
base functors a˚ : PtBpV q Ñ PtApV q have a right adjoint, it suffices to check that
some change-of-base functors preserve binary sums.
Theorem 1.10. For a semi-abelian variety of universal algebras V , the following
are equivalent:
(i) V is locally algebraically cartesian closed;
(ii) for all B in V , the pullback functor ¡˚B : PtBpV q Ñ V preserves all colimits;
(iii) for all B in V , the functor ¡˚B preserves binary sums;
(iv) the canonical comparison pB5ιX B5ιY q : B5X ` B5Y Ñ B5pX ` Y q is an
isomorphism for all B, X and Y in V .
Proof. This combines Theorem 2.9, Theorem 5.1 and Proposition 6.1 in [19]. 
Via the equivalence between split extensions and internal actions, condition (ii)
means that the forgetful functor from the category of B-actions in V to V preserves
all colimits. Hence in this varietal context, (LACC) amounts to the property that
colimits in the category of internal B-actions in V are independent of the acting
object B, and computed in the base category V .
1.11. Algebraic coherence. The concept of an algebraically coherent category
was introduced in [11] with the aim in mind of having a condition with strong
categorical-algebraic consequences such as the ones mentioned above for (LACC),
while at the same time keeping all Orzech categories of interest as examples. It is
to coherence in the sense of topos theory [23, Section A1.4] what algebraic cartesian
closedness is to cartesian closedness : a condition involving slice categories has been
replaced by a condition in terms of categories of points.
The formal definition is that all change-of-base functors a˚ : PtBpC q Ñ PtApC q
preserve jointly strongly epimorphic pairs of arrows. This is clearly weaker than
asking that the a˚ preserve all colimits. We shall only need the following character-
isation, which is essentially Theorem 3.18 in [11]: algebraic coherence is equivalent
to the condition that for all B, X and Y , the canonical comparison
pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q
from Theorem 1.10 is a regular epimorphism.
Algebraic coherence has somewhat better stability properties than (LACC). For
instance, any subvariety of a semi-abelian algebraically coherent variety is still
algebraically coherent. We shall come back to this in the next section.
Some examples of semi-abelian varieties which are not algebraically coherent
are the varieties of loops, Heyting semilattices, and non-associative algebras (the
category Alg
K
defined below).
2. Main result
The aim of this section is to prove Theorem 2.17, which says that any (LACC)
variety of anti-commutative algebras over an infinite field K is a category of Lie
algebras over K. On the way we fully characterise algebraically coherent varieties
of anti-commutative algebras (Theorem 2.14). This is an application of a more
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general result telling us that a variety of K-algebras is algebraically coherent if and
only if it is an Orzech category of interest (Theorem 2.12).
2.1. Categories of algebras and their subvarieties. Let K be a field. A (non-
associative) algebra A over K is a K-vector space equipped with a bilinear
operation r´,´s : AˆAÑ A, so a linear map AbAÑ A. We use the notations
rx, ys “ x ¨ y “ xy depending on the situation at hand, always keeping in mind
that the multiplication need not be associative. We write Alg
K
for the category of
algebras over K with product-preserving linear maps between them. It is a semi-
abelian category which is not algebraically coherent. A subvariety of Alg
K
is any
equationally defined class of algebras, considered as a full subcategory V of Alg
K
.
The category of associative algebras over K is the subvariety of Alg
K
satisfying
xpyzq “ pxyqz.
The category ACAlg
K
of anti-commutative algebras over K is the subvariety
of Alg
K
satisfying xx “ 0. If the characteristic of the field K is different from 2, then
this is easily seen to be equivalent to the condition xy “ ´yx, whence the name
“anti-commutative”.
The category AAAlg
K
of anti-associative algebras over K is the subvariety
of Alg
K
satisfying xpyzq “ ´pxyqz.
The category LieK of Lie algebras over K is the subvariety of anti-commutative
algebras satisfying the Jacobi identity xpyzq ` zpxyq ` ypzxq “ 0.
An algebra is abelian when it satisfies xy “ 0. The subvariety of Alg
K
deter-
mined by the abelian algebras is isomorphic to the category VectK of vector spaces
over K. An algebra A is abelian if and only if ` : AˆAÑ A is an algebra morph-
ism, which makes pA,`, 0q an internal abelian group, so an abelian object in the
sense of [3].
2.2. Algebras over infinite fields. We assume that the field K is infinite, so
that we can use the following result (Theorem 2.3, which is Corollary 2 on page 8
of [30]). We first fix some terminology. For a given set S, a polynomial with
variables in S is an element of the free K-algebra on S. Recall that the left ad-
joint Set Ñ Alg
K
factors as a composite of the free magma functor M : Set Ñ Mag
with the magma algebra functor Kr´s : Mag Ñ Alg
K
. The elements of MpSq are
non-associative words in the alphabet S, and the elements of KrMpSqs, the poly-
nomials, are K-linear combinations of such words. A monomial in KrMpSqs is any
scalar multiple of an element of MpSq. The type of a monomial ϕpx1, . . . , xnq is
the element pk1, . . . , knq P N
n where ki is the degree of xi in ϕpx1, . . . , xnq. A poly-
nomial is homogeneous if its monomials are all of the same type. Any polynomial
may thus be written as a sum of homogeneous polynomials, which are called its
homogeneous components.
Theorem 2.3. [30] If V is a variety of algebras over an infinite field, then all
of its identities are of the form φpx1, . . . , xnq “ 0, where φpx1, . . . , xnq is a (non-
associative) polynomial, each of whose homogeneous components ψpxi1 , . . . , ximq
again gives rise to an identity ψpxi1 , . . . , ximq “ 0 in V . 
2.4. Description of B5X in Alg
K
. Let B and X be free K-algebras. Then the
object B5X , being the kernel of the morphism p1B 0q : B ` X Ñ B, consists of
those polynomials with variables in B and in X which can be written in a form
where all of their monomials contain variables in X . For instance, given b, b1 P B
and x P X , the expression pbpxxqqb1 is allowed, but bb1 is not.
2.5. The reflection to a subvariety V of Alg
K
. Let B and X be free K-algebras.
We write B and X for their respective reflections into V , which are free V -algebras.
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These induce short exact sequences in Alg
K
such as
0 ,2 rXs ,2 X
ηX ,2 X ,2 0
where ηX is the unit at X of the reflection from AlgK to V . We never write the right
adjoint inclusion, but note that it preserves all limits. The kernel rXs is a kind of
relative commutator; its elements are precisely those polynomials φpx1, . . . , xnq P X
where x1, . . . , xn are in the set of generators of X and φpx1, . . . , xnq “ 0 is an
identity of V . Reflecting sums now, then taking kernels to the left, we obtain
horizontal split exact sequences
0 ,2 pB5Xq X rB `Xs

,2 rB `Xs

,2 rBs

,2lr 0
0 ,2 B5X
ρB,X

,2 B `X
ηB`X

p1B 0q ,2
B
ηB

,2lr 0
0 ,2 B5V X ,2 B `V X
p1
B
0q
,2 B ,2lr 0
in Alg
K
, where the sum B `V X – B `X is taken in V . Using, for instance, the
3ˆ 3 Lemma, it is not difficult to see that the induced dotted arrow ρB,X is a
surjective algebra homomorphism. In fact, the upper left square is a pullback, and
we have three vertical short exact sequences. The one on the left allows us to view
the elements of B5V X as polynomials in B5X , modulo those identities which hold
in V that are expressible in B5X . In particular, an element φpx1, . . . , xn, b1, . . . , bmq
ofB5X belongs to the top left intersection if and only if φpx1, . . . , xn, b1, . . . , bmq “ 0
is an identity of V . We freely use this interpretation in what follows, abusing
terminology and notation by making no distinction between the equivalence class
of polynomials that is an element in the quotient B5V X, and an element in B5X
which represents it.
2.6. Subvarieties of LieK need not be (LACC). Subvarieties of locally algebra-
ically cartesian closed categories need no longer be such: we may take the variety
of Lie algebras that satisfy xpyzq “ 0 as an example.
Proposition 2.7. Let V be a variety of non-associative algebras in which xpyzq “ 0
is an identity. If V is locally algebraically cartesian closed, then it is abelian.
Proof. Let B, X and Y be free algebras in V , respectively generated by their
elements b, x and y. Via the composite adjunction
Set
Free ,2
K V
B`p´q
,2
K
Forget
lr PtBpV q,
¡˚
B
lr
the split epimorphisms
pp1B 0q : B `X Ñ B, ιB : B Ñ B `Xq
and
pp1B 0q : B ` Y Ñ B, ιB : B Ñ B ` Y q
correspond to the free B-actions respectively generated by x and y. Their sum
in PtBpV q is
pp1B 0 0q : B `X ` Y Ñ B, ιB : B Ñ B `X ` Y q.
Applying the kernel functor, (LACC) tells us that the canonical morphism
pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q
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is an isomorphism (Theorem 1.10). When considering the sum B5X ` B5Y , we
write b1 and b2 for the generators of the two distinct copies of B; then pB5ιX B5ιY q
maps the bi to b, sends x to x and y to y.
Now x P B5X and yb2 P B5Y are such that x ¨ yb2 is sent to zero by the above
isomorphism, since the identity xpyzq “ 0 holds in V , so that x ¨ yb is zero in
B `X ` Y , of which B5pX ` Y q is a subobject. As a consequence, x ¨ yb2 is zero
in the sum B5X ` B5Y . Recall that b2 R B5Y , so that yb2 cannot be decomposed
as a product of y and b2 in B5Y ; and it cannot be written as a product in which
more than one y or b2 appears either, since by Theorem 2.3 we may assume that
all identities in V are homogeneous. Hence yb2 is not a product, so that x ¨ yb2
can only be zero if either yb2 is zero in B5Y , or xz “ 0 is an identity in V . In the
former case, yb2 is zero in the sum B ` Y , which is a free algebra on tb2, yu; then
yz “ 0 is an identity in V . In either case, V is abelian. 
2.8. (Anti-)associative algebras. Essentially the same argument gives us two
further examples, which we shall need later on:
Proposition 2.9. If a variety of either associative or anti-associative algebras is
locally algebraically cartesian closed, then it is abelian.
Proof. In the anti-associative case we have x, ´xb1 P B5X and b2y, y P B5Y such
that x ¨ b2y and ´xb1 ¨ y are sent to the same element in B5pX ` Y q by the above
isomorphism pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q.
Similarly, in the associative case, we see that xb1 ¨ y and x ¨ b2y are two distinct
elements of the sum B5X `B5Y which the morphism pB5ιX B5ιY q sends to one
and the same element of B5pX ` Y q. 
Lemma 2.10. Any variety of anti-commutative K-algebras that satisfies the identity
xpxyq “ 0 is a subvariety of AAAlg
K
.
Proof. Taking x “ a` b and y “ c gives us
0 “ pa` bqppa` bqcq “ apacq ` bpacq ` apbcq ` bpbcq “ bpacq ` apbcq
so that apbcq “ ´bpacq. It follows that puvqw “ ´wpuvq “ upwvq “ ´upvwq is an
identity in V , and V is a variety of anti-associative algebras. 
2.11. Algebraic coherence. Theorem 2.3 gives us a characterisation of algebraic
coherence for varieties of K-algebras.
Theorem 2.12. Let K be an infinite field. If V is a variety of non-associative
K-algebras, then the following are equivalent:
(i) V is algebraically coherent;
(ii) there exist λ1, . . . , λ16 in K such that
zpxyq “ λ1ypzxq ` λ2xpyzq ` λ3ypxzq ` λ4xpzyq
` λ5pzxqy ` λ6pyzqx` λ7pxzqy ` λ8pzyqx
and
pxyqz “ λ9ypzxq ` λ10xpyzq ` λ11ypxzq ` λ12xpzyq
` λ13pzxqy ` λ14pyzqx` λ15pxzqy ` λ16pzyqx
are identities in V ;
(iii) V is a 2-variety in the sense of [31]: for any ideal I of an algebra A, the
subalgebra I2 of A is again an ideal;
(iv) V is an Orzech category of interest [29].
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Proof. From the results of [11] we already know that (iv) implies (i). It follows im-
mediately from the definition of an Orzech category of interest that (ii) implies (iv).
The equivalence between (ii) and (iii) is well known [1]. To see that (i) implies (ii),
we take free B-actions as in the first part of the proof of Proposition 2.7 and obtain
the regular epimorphism
pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q.
Any element bpxyq of B5pX ` Y q is the image through this morphism of some
polynomial ψpb1, x, b2, yq in B5X`B5Y . Note that this polynomial cannot contain
any monomials obtained as a product of a bi with xy or yx. This allows us to write,
in the sum B `X ` Y , the element bpxyq as
λ1ypbxq ` λ2xpybq ` λ3ypxbq ` λ4xpbyq ` λ5pbxqy ` λ6pybqx` λ7pxbqy ` λ8pbyqx
` νφpb, x, yq
for some λ1, . . . , λ8, ν P K, where φpb, x, yq is the part of the image of ψpb1, x, b2, yq
in B`X`Y which is not in the homogeneous component of bpxyq. Since B`X`Y
is the free V -algebra on three generators b, x and y, from Theorem 2.3 we deduce
that the first equation in (ii) is again an identity in V . Analogously for pxyqb we
deduce the second equation in (ii). 
Remark 2.13. This result may be used to prove the claim made in [11] that the
category of Jordan algebras—commutative and such that pxyqpxxq “ xpypxxqq—
is not algebraically coherent. Indeed, as explained in [29], it is not a category of
interest.
In the case of anti-commutative algebras, this characterisation becomes more
precise:
Theorem 2.14. Let K be an infinite field. If V is a subvariety of ACAlg
K
, then
the following are equivalent:
(i) V is algebraically coherent;
(ii) V is a subvariety of either AAAlg
K
or LieK.
Proof. (ii) implies (i) since AAAlg
K
and LieK are Orzech categories of interest [29],
so their subvarieties are algebraically coherent. To see that (i) implies (ii), we first
use anti-commutativity to simplify the identity given in Theorem 2.12 to
zpxyq “ λypzxq ` µxpyzq
for some λ and µ in K. Choosing, in turn, y “ z and x “ z, we see that
(1) either λ “ ´1 or z ¨ zx “ 0 is an identity in V , and
(2) either µ “ ´1 or x ¨ xy “ 0 is an identity in V .
In any of the latter cases, V is a variety of anti-associative algebras by Lemma 2.10.
We are left with the situation when λ “ µ “ ´1, which means that the Jacobi
identity holds in V , so that V a variety of Lie algebras. 
Example 2.15. The variety of anti-commutative associative algebras is an example.
We have that 0 “ xpyyq “ pxyqy is an identity, so that by Lemma 2.10 those
algebras are anti-associative as well.
When charpKq ‰ 2, this implies that xyz “ 0 is an identity. We regain a variety
as in Proposition 2.7, so since it is not abelian, it cannot be (LACC).
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2.16. A characterisation of Lie algebras amongst anti-commutative alge-
bras. The condition (LACC) eliminates one of the two options in Theorem 2.14.
Theorem 2.17. Let K be an infinite field. If V is a locally algebraically cartesian
closed variety of anti-commutative K-algebras, then it is a subvariety of LieK. In
other words, LieK is the largest (LACC) variety of anti-commutative K-algebras.
Thus for any variety V of anti-commutative K-algebras, the following are equivalent:
(i) V is a subvariety of a (LACC) variety of anti-commutative K-algebras;
(ii) the Jacobi identity holds in V .
Proof. This combines Theorem 2.14 with Proposition 2.9. 
Remark 2.18. By Proposition 2.7, the condition
(iii) V is (LACC)
is strictly stronger than the equivalent conditions (i) and (ii).
Remark 2.19. We could not find any non-abelian examples of (LACC) strict sub-
varieties of LieK. In the article [14], it is explained why such varieties cannot exist.
3. Non-anti-commutative algebras
An important question which we have to leave open for now, is what happens
when the algebras we consider are not anti-commutative. We end this note with
some of our preliminary findings, and study the question in detail in the article [14].
3.1. Some of the results and techniques used in the previous section are valid for
non-anti-commutative algebras of course. For instance, Proposition 2.7, Proposi-
tion 2.9 and Theorem 2.12 are.
3.2. Proposition 2.7 tells us in particular that the variety of associative K-algebras
satisfying xyz “ 0 is not (LACC). Even though it is stated for infinite fields, this is
still valid over the ring of integers Z: we do not need to use Theorem 2.3, since we
already know that all identities of this particular variety are linear combinations of
homogeneous identities. This instance of the proposition contradicts Proposition 6.9
in [19], which claims that the category DRng of all commutative non-unitary rings
(= Z-algebras) satisfying xyz “ 0 is locally algebraically cartesian closed. Indeed,
should this variety be (LACC), then it would be abelian—which is false.
So, what is wrong? We noticed that the functor R (which, up to equivalence,
plays the role of the right adjoint of the functor ¡˚B : PtBpDRngq Ñ DRng) construc-
ted in the proof of [19, Proposition 6.9] is not well defined on morphisms. Let us give
a concrete example showing this in detail. We follow the notations from [19, Prop-
osition 6.9]: in particular, for any object B, the category B-DAlg » PtBpDRngq
consists of B-modules equipped with a compatible commutative ring structure,
which means that the identities
xyz “ 0, bpxyq “ pbxqy “ 0 and bpb1xq “ pbb1qx “ 0
are satisfied. Then for X in DRng, the ring RpXq is the set
tf P HompZ ˙B,Xq | fp0, bqx “ 0 and fp0, bb1q “ 0 for all x P X , b, b1 P Bu
with multiplication pfgqpn, bq “ nfp1, 0qgp1, 0q and action b1fpn, bq “ fp0, nb1q for
f , g P RpXq, n P Z and b, b1 P B.
Let B “ xb | bb “ 0y “ Zrbs{pbbq act on the commutative ring
X “ xx, y | xx “ xy “ yy “ 0y “ Zrx, ys{pxx, xy, yyq
by bx “ y and by “ 0; then X is not only an object of DRng, but also a B-module.
Consider also the object
M “ xm, p, q | mp “ q, mq “ pq “ mm “ pp “ qq “ 0y
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of DRng. Let h : X ÑM be the ring homomorphism sending x and y to m. Let f P
RpXq be defined by fpn, bq “ nx`bx; note that f “ ηXpxq, where η : 1B-DAlg ñ RU
plays the role of the unit of the adjunction, and U : B-DAlg Ñ DRng is the forgetful
functor. Then
Rphqpfqp0, bq ¨ p “ ph˝fqp0, bq ¨ p “ hpyq ¨ p “ mp “ q ‰ 0,
which shows that Rphqpfq is not an element of RpMq.
3.3. The category LeibK of (right) Leibniz algebras [25] over K is the sub-
variety of Alg
K
satisfying the (right) Leibniz identity pxyqz “ xpyzq ` pxzqy.
This identity is clearly equivalent to the Jacobi identity when the algebras are
anti-commutative, so that a Lie algebra is the same thing as an anti-commutative
Leibniz algebra. However, examples of non-anti-commutative Leibniz algebras ex-
ist. Analogously, we can consider the category of (left) Leibniz algebras, with
corresponding identity xpyzq “ pxyqz ` ypxzq. Both categories are of course equiv-
alent.
We do not know whether Theorem 2.17 extends to the non-anti-commutative
case. What is certain, though, is that the category of Leibniz algebras is not locally
algebraically cartesian closed. Indeed, using the notations of Proposition 2.7, the
Leibniz identity allows us to deduce#
pxyqb “ xpybq ` pxbqy
pxyqb “ ´xpbyq ` pxbqy
so that x ¨ yb “ ´x ¨ by in B`X ` Y . This means that x ¨ yb2 and ´x ¨ b2y are two
distinct elements of B5X `B5Y which are sent to the same element of B5pX ` Y q
by the morphism pB5ιX B5ιY q. Hence this morphism cannot be an isomorphism,
and LeibK is not (LACC).
We may ask ourselves what happens in the “intersection” between right and left
Leibniz algebras. They are called symmetric Leibniz algebras and, as shown
in [28], the chain of inclusions LieK Ď SLeibK Ď LeibK is strict. Doing a rearrange-
ment of terms as in
bpxyq “ pbxqy ` xpbyq “ bpxyq ` pbyqx` xpbyq,
we see that pbyqx ` xpbyq “ 0. From this we may conclude that, in order to be
(LACC), a variety of symmetric Leibniz algebras must either be anti-commutative
or abelian. We thus regain the known cases of Lie algebras and vector spaces.
3.4. A variety of algebras is anti-commutative precisely when the free algebra on
a single generator is abelian: xx “ 0 is an identity in the variety, if and only if
the bracket vanishes on the algebra freely generated by txu. This corresponds to
the condition that the free algebra on a single generator admits an internal abelian
group structure. This condition makes sense in arbitrary semi-abelian varieties, and
we may ask ourselves whether perhaps it is implied by (LACC), as in the case of
symmetric Leibniz algebras. This would allow us to drop the condition that V is
anti-commutative in Theorem 2.17.
The example of crossed modules proves that this is false. In [10] it is shown
that on the one hand, a crossed module B : T Ñ G with action ξ admits an internal
abelian group structure if and only if the groups T and G are abelian and the
action ξ is trivial. On the other hand, the free crossed module on a single generator
is the inclusion κZ,Z : Z5Z Ñ Z` Z, equipped with the conjugation action. We see
that in this case the free object on one generator is not abelian, even though XMod
is a locally algebraically cartesian closed semi-abelian variety. However, it is not a
variety of non-associative algebras of course.
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3.5. Perhaps this is not the right conceptualisation, and we must think of other
ways of making the identity xx “ 0 categorical. The question then becomes whether
(LACC), or any other appropriate categorical-algebraic condition, would imply this
new characterisation.
Acknowledgements
Thanks to James R. A. Gray, George Janelidze, Zurab Janelidze for fruitful
discussions and important comments on our work. We must thank the editor, Pino
Rosolini, and the referee for very useful comments on our work that helped us
improve the paper. We would also like to thank the University of Cape Town and
Stellenbosch University for their kind hospitality during our stay in South Africa,
and the Institut de Recherche en Mathématique et Physique (IRMP) for its kind
hospitality during the first author’s stays in Louvain-la-Neuve.
References
[1] T. Anderson, The Levitzki radical in varieties of algebras, Math. Ann. 194 (1971), 27–34.
[2] M. Barr, Coalgebras over a commutative ring, J. Algebra 32 (1974), 600–610.
[3] F. Borceux and D. Bourn, Mal’cev, protomodular, homological and semi-abelian categories,
Math. Appl., vol. 566, Kluwer Acad. Publ., 2004.
[4] D. Bourn, Normalization equivalence, kernel equivalence and affine categories, Category The-
ory, Proceedings Como 1990 (A. Carboni, M. C. Pedicchio, and G. Rosolini, eds.), Lecture
Notes in Math., vol. 1488, Springer, 1991, pp. 43–62.
[5] D. Bourn, Normal functors and strong protomodularity, Theory Appl. Categ. 7 (2000), no. 9,
206–218.
[6] D. Bourn, 3 ˆ 3 Lemma and protomodularity, J. Algebra 236 (2001), 778–795.
[7] D. Bourn, The cohomological comparison arising from the associated abelian object, preprint
arXiv:1001.0905, 2010.
[8] D. Bourn and J. R. A. Gray, Aspects of algebraic exponentiation, Bull. Belg. Math. Soc.
Simon Stevin 19 (2012), 823–846.
[9] D. Bourn and G. Janelidze, Protomodularity, descent, and semidirect products, Theory Appl.
Categ. 4 (1998), no. 2, 37–46.
[10] P. Carrasco, A. M. Cegarra, and A. R.-Grandjeán, (Co)Homology of crossed modules, J. Pure
Appl. Algebra 168 (2002), no. 2-3, 147–176.
[11] A. S. Cigoli, J. R. A. Gray, and T. Van der Linden, Algebraically coherent categories, Theory
Appl. Categ. 30 (2015), no. 54, 1864–1905.
[12] A. S. Cigoli, J. R. A. Gray, and T. Van der Linden, On the normality of Higgins commutators,
J. Pure Appl. Algebra 219 (2015), 897–912.
[13] F. Conduché, Au sujet de l’existence d’adjoints à droite aux foncteurs “image réciproque”
dans la catégorie des catégories, C. R. Acad. Sci. Paris Sér. A-B 275 (1972), A891–A894.
[14] X. García-Martínez and T. Van der Linden, A characterisation of Lie algebras via algebraic
exponentiation, Adv. Math. 341 (2019), 92–117.
[15] M. Gerstenhaber, A categorical setting for the Baer extension theory, Applications of Cate-
gorical Algebra, New York 1968, Proc. Sympos. Pure Math., vol. XVII, Amer. Math. Soc.,
Providence, R.I., 1970, pp. 50–64.
[16] M. Gran, G. Kadjo, and J. Vercruysse, A torsion theory in the category of cocommutative
Hopf algebras, Appl. Categ. Structures 24 (2016), no. 3, 269–282.
[17] J. R. A. Gray, Algebraic exponentiation in general categories, Ph.D. thesis, University of
Cape Town, 2010.
[18] J. R. A. Gray, Algebraic exponentiation for categories of Lie algebras, J. Pure Appl. Algebra
216 (2012), 1964–1967.
[19] J. R. A. Gray, Algebraic exponentiation in general categories, Appl. Categ. Structures 20
(2012), 543–567.
[20] P. J. Higgins, Groups with multiple operators, Proc. Lond. Math. Soc. (3) 6 (1956), no. 3,
366–416.
[21] S. A. Huq, Commutator, nilpotency and solvability in categories, Q. J. Math. 19 (1968),
no. 2, 363–389.
[22] G. Janelidze, L. Márki, and W. Tholen, Semi-abelian categories, J. Pure Appl. Algebra 168
(2002), no. 2–3, 367–386.
A CHARACTERISATION OF LIE ALGEBRAS 13
[23] P. T. Johnstone, Sketches of an elephant: A topos theory compendium, Oxford Logic Guides,
vol. 43, 44, Oxford Univ. Press, 2002, Volumes 1 and 2.
[24] R. Lavendhomme and J. R. Roisin, Cohomologie non abélienne de structures algébriques,
J. Algebra 67 (1980), 385–414.
[25] J.-L. Loday, Une version non commutative des algèbres de Lie: les algèbres de Leibniz,
Enseign. Math. (2) 39 (1993), no. 3–4, 269–293.
[26] S. MacLane, Categories for the working mathematician, second ed., Grad. Texts in Math.,
vol. 5, Springer, 1998.
[27] N. Martins-Ferreira and T. Van der Linden, A note on the “Smith is Huq” condition, Appl.
Categ. Structures 20 (2012), no. 2, 175–187.
[28] G. Mason and G. Yamskulna, Leibniz algebras and Lie algebras, SIGMA Symmetry Integ-
rability Geom. Methods Appl. 9 (2013), Paper 063, 10.
[29] G. Orzech, Obstruction theory in algebraic categories I and II, J. Pure Appl. Algebra 2
(1972), 287–314 and 315–340.
[30] K. A. Zhevlakov, A. M. Slin’ko, I. P. Shestakov, and A. I. Shirshov, Rings that are nearly
associative, Academic Press, 1982.
[31] P. J. Zwier, Prime ideals in a large class of nonassociative rings, Trans. Amer. Math. Soc.
158 (1971), no. 2, 257–271.
(Xabier García-Martínez) Departamento de Matemáticas, Esc. Sup. de Enx. Informát-
ica, Campus de Ourense, Universidade de Vigo, E–32004, Ourense, Spain
and
Faculty of Engineering, Vrije Universiteit Brussel, Pleinlaan 2, B–1050 Brussel,
Belgium
E-mail address: xabier.garcia.martinez@uvigo.gal
(Tim Van der Linden) Institut de Recherche en Mathématique et Physique, Uni-
versité catholique de Louvain, chemin du cyclotron 2 bte L7.01.02, B–1348 Louvain-
la-Neuve, Belgium
E-mail address: tim.vanderlinden@uclouvain.be
